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Abstract
LetH(A) stand for the ideal of sets that hereditarily belong to a given algebraA of sets. Let S,S0
denote the operations of Marczewski. We say that 〈A,H(A)〉 is inner MB-representable (is topo-
logical) if 〈A,H(A)〉 = 〈S(F), S0(F)〉 for a nonempty F ⊂A (for F equal to τ \ {∅} where τ is a
topology on
⋃A). We show that the existence of an algebraA isomorphic to P(ω), with 〈A,H(A)〉
inner MB-representable but not topological, and with complete Boolean algebra A/H(A), is inde-
pendent of ZFC.
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1. Introduction
There are many natural examples of pairs 〈A,I〉 where A is an algebra of subsets of a
given set Y , and I is an ideal contained inA. It is enough to recall the Lebesgue measurable
sets and the null sets, the sets with the Baire property and the sets of first category, the
Borel sets and the countable sets, the Marczewski s-sets and s0-sets, and many others. For
an ideal I and an algebra A of subsets of Y such that I ⊂A, we say that:
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that U ⊂ V and for every W ∈A if U ⊂ W then V \ W ∈ I;
• the pair 〈A,I〉 is complete provided the quotient algebra A/I is complete;
• the pair 〈A,I〉 is topological provided there exists a topology τ on Y such that I is
the ideal of nowhere dense sets and A is the algebra of all sets with nowhere dense
boundary in the topology τ .
Note that, if in the last statement we require only that I is the ideal of nowhere dense
sets in some topology, the case was investigated in [7], and it is always possible to find
such a topology.
Recently, one more property of a pair 〈A,I〉 has been considered in several papers
[1–3,6,8]. Following the idea of Burstin and Marczewski, for any nonempty family F of
nonempty subsets of Y , one can define the collections of sets:
S(F ) = {A ⊂ Y : (∀P ∈F )(∃Q ∈F )(Q ⊂ A ∩ P or Q ⊂ P \ A)},
and
S0(F ) =
{
A ⊂ Y : (∀P ∈F )(∃Q ∈F )(Q ⊂ P \ A)}.
Then S(F ) is an algebra and S0(F ) is an ideal of subsets of Y . (See [9,2].) Next we say
that
• the pair 〈A,I〉 has an inner MB-representation provided there exists an F ⊂A such
that A= S(F ) and I = S0(F ).
From the paper [4], the example given in [1], and from the well-known properties of
topological pairs, the following implications between the introduced properties can be de-
rived:
hull [4]−−−−→ inner MB
top hull & complete [4]←→ inner MB & complete
complete
The hull property and the completeness are independent, i.e., neither of them implies
the other [4]. The inner MB-representability does not imply the hull property [1]. The
implications between “top” and the remaining properties are well known. The only open
question was whether each complete pair 〈A,I〉 with the hull property is topological [1].
In [5] we proved that, if an algebra A is isomorphic to the power set P(X) of a set X,
and if I =H(A) = {A ∈A: (∀B ⊂ A)(B ∈A)} is the ideal of hereditary sets in A, then
the hull property of 〈A,I〉 is stronger than its completeness. The remaining implications
in the above diagram cannot be reversed.
The aim of our paper is to show that implication “top → hull & complete” cannot be
reversed in ZFC. To see it we consider algebras isomorphic to P(ω).
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Definition 1. Let F1,F2 ⊂ P(Y ). We say that F1,F2 are coinitial if F1 is dense in F2
and vice versa, i.e., any set of any one of the families F1,F2 has a subset belonging to the
other one.
Fact 1 [2]. If F1,F2 are coinitial then 〈S(F1), S0(F1)〉 = 〈S(F2), S0(F2)〉. Conversely, if
〈S(F1), S0(F1)〉 = 〈S(F2), S0(F2)〉 and Fi ⊂ S(Fi ) for i = 1,2 then F1,F2 are coinitial.
Fact 2 [2]. 〈A,I〉 is topological with respect to a topology τ on Y if and only if 〈A,I〉 =
〈S(τ0), S0(τ0)〉 where τ0 = τ \ {∅}.
Fact 3 [1]. 〈A,I〉 is inner MB-representable if and only if 〈A,I〉 = 〈S(A \I), S0(A \I)〉.
Moreover, if 〈A,I〉 is inner MB-representable then 〈A,H(A)〉 has the same property.
Observe that ideals in the examples given at the beginning of our paper are exactly the
ideals of the hereditary sets in the corresponding algebras. This together with Fact 3 show
that the considerations connected with pairs 〈A,H(A)〉 are really natural.
Now, let us recall some basic algebraic considerations from [5] concerning the structure
of an isomorphism between P(X) (for some set X) and a field A of subsets of Y . Let
Φ :P(X) →A⊂P(Y ) be such an isomorphism. Denote by Z the union of all atoms ofA,
i.e.,
Z =
⋃
x∈X
Φ
({x}).
For any A ∈P(X), denote
Φ1(A) = Φ(A) ∩ Z and Φ2(A) = Φ(A) \ Z.
Then Φ1 is an isomorphism between P(X) and some field of subsets of Z, and Φ2 is
an epimorphism from P(X) to some field B of subsets of Y \ Z. (We say that Φ2(A)
is the refinement of Φ(A) and we call B the refinement algebra.) We can describe Φ1
by the formula Φ1(A) = ⋃x∈A Φ({x}) for A ∈ P(X). Denote by J , the kernel of the
homomorphism Φ2. Then
J =
{
A ∈ P(X): Φ(A) =
⋃
x∈A
Φ
({x})
}
.
Note that J contains all finite subsets of X. Moreover, J =P(X) if and only if Z = Y , or
(what is equivalent) if Φ2 is the zero-homomorphism. By standard algebraic considerations
we have that the field B of the refinements Φ2(A) for A ∈ P(X) is isomorphic to the
quotient algebra P(X)/J . Observe that for the algebra A = Φ(P(X)), the ideal H(A)
consists of all sets of the form Φ(A) where A belongs to J , and for any x ∈ A we have
|Φ(x)| = 1.
Fact 4 [5]. Let A= Φ(P(X)) be a field of subsets of Y where Φ is an isomorphism. Then
A is inner MB-representable (and consequently, 〈A,H(A)〉 is inner MB-representable) if
and only if the following two conditions are satisfied simultaneously:
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(∗∗) the refinement algebra B is atomic and the atoms of B cover Y \ Z.
Moreover, if (∗) and (∗∗) are satisfied then 〈A,H(A)〉 = 〈S(F ), S0(F )〉 for F =F1 ∪F2
where
F1 =
{
Φ
({x}): ∣∣Φ({x})∣∣> 1},
F2 =
{
Φ1(A) ∪ Φ2(A): Φ2(A) ∈ At(B)
}
and At(B) is the set of atoms of algebra B.
By Facts 1, 2, 4 we have:
Fact 5. If A⊂ P(Y ) is isomorphic to P(X) then 〈A,H(A)〉 is topological if and only if
A satisfies (∗) and (∗∗) and there exists a topology τ on Y such that τ \ {∅} is coinitial
with F .
3. Main results
Theorem 1. The following two conditions are equivalent:
(I) there exists a set Y and an algebra A⊂ P(Y ) isomorphic to P(ω), with 〈A,H(A)〉
complete, inner MB-representable but not topological;
(II) there exists an ideal J ⊂P(ω) such that P(ω)/J is isomorphic to P(ω1).
Proof. (II) ⇒ (I) Assume that for some ideal J the quotient algebra P(ω)/J is isomor-
phic to P(ω1). Put Z = ω × {0} and Y = Z ∪ ω1. Let Φ :P(ω) → P(Y ) be given by the
formula
Φ(A) = Φ1(A) ∪ Φ2(A),
where
Φ1(A) = A × {0}, Φ2(A) = Ψ
([A]),
[A] denotes the equivalence class of A, and Ψ is an isomorphism between P(ω)/J and
P(ω1). Then Φ2 is an epimorphism from P(ω) onto P(ω1) and KerΦ2 = J . So Φ is
a monomorphism. Let {Xα, α < ω1} be a family of sets in P(ω) such that Φ2(Xα) =
Ψ ([Xα]) = {α}. Then Xα ∩ Xβ ∈ J for α = β . Evidently we may assume that J contains
all finite sets, so |Xα| = ω for α < ω1. The algebra A= Φ(P(ω)) satisfies conditions (∗)
and (∗∗) from Fact 4, so 〈A,H(A)〉 = 〈S(F ), S0(F )〉 for F = {Φ1(A) ∪ Φ2(A): [A] =
[Xα] for some α < ω1} = {(A × {0}) ∪ {α}: A Xα ∈ J for some α < ω1}. Observe that
U ∈H(A) if and only if U = A × {0} for A ∈ J . So A/H(A) is isomorphic to P(ω)/J
and consequently to P(ω1).
Assume now that there exists a topology τ on Y such that τ \ {∅} is coinitial with F .
In this case, τ contains a family of the form {(Gα × {0}) ∪ {α}: Gα  Xα ∈ J , α < ω1}
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J and consequently (Xα ∩Xβ)× {0} is nowhere dense in τ . However, such a family does
not exist since |Gα| = |Xα| = ω and ω · ω1 > ω.
(I) ⇒ (II) Suppose that, for any ideal J on P(ω), the quotient algebra P(ω)/J is not
isomorphic to P(ω1). Let an algebra A ⊂ P(Y ) be isomorphic to P(ω), and let the pair
〈A,H(A)〉 be inner MB-representable and complete. We show that the pair 〈A,H(A)〉 is
topological.
By Fact 4, the pair 〈A,H(A)〉 satisfies conditions (∗) and (∗∗). Then the complete-
ness of A/H(A) is equivalent to the completeness of P(ω)/J for J = KerΦ2 = {A ∈
P(ω): Φ(A) =⋃x∈A Φ({x})} although these algebras need not be isomorphic (see [5]).
There is only a little problem with the atoms of A which contain more then one point,
but by (∗) it appears not essential. By our assumptions, the quotient algebra P(ω)/J has
at most countable number of atoms and hence it is either finite or isomorphic to P(ω).
Assume the second case (in the case of a finite number of atoms the considerations are
identical). So there exists a family {Xα: α < ω} such that J  Xα is a maximal ideal on
P(Xα) and Xα ∩Xβ ∈ J for α = β . Then the atoms of the refinement algebra B (which is
isomorphic to P(ω)/J ) are the images of sets Xα with respect to the homomorphism Φ2.
By Fact 4 we have 〈A,H(A)〉 = 〈S(F), S0(F )〉 for F =F1 ∪F2 where
F1 =
{
Φ
({x}): ∣∣Φ({x})∣∣> 1, x ∈ ω},
F2 =
{
Φ1(A) ∪ Φ2(A): AXα ∈ J for some α < ω
}
.
Put
G0 = X0, G1 = X1 \ X0, . . . , Gα = Xα \
(⋃
β<α
Xβ
)
, . . . .
Then {Gα: α < ω} is a family for which Gα  Xα ∈ J ,Gα ∩ Gβ = ∅ for α = β . Define
τ1 =F1 and τ2 = {Φ1(Gα \A)∪Φ2(Gα): α < ω, A ∈ J }. Let τ be the topology generated
by τ1 ∪ τ2. It is obvious that τ0 = τ \ {∅} is coinitial with F . 
Now, let us recall the notion of a strong-Q-sequence in P(ω).
Definition 2 [10]. Let G be a family of infinite sets of P(ω). Denote
G∗ = {f :G → P(ω): (∀G ∈ G)(f (G) ⊂ G)}.
Then G is called a strong-Q-sequence if(∀f ∈ G∗)(∃B ∈ P(ω))(∀G ∈ G)(∣∣(B ∩ G) f (G)∣∣< ω).
It is obvious that G is a family of almost disjoint sets. Moreover we can assume that ω =⋃G.
Stepra¯ns has proved the following
Theorem 2 [10, Theorem 11]. The existence of a strong-Q-sequence G with |G| = ω1 is
consistent with ZFC.
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Q-sequence of the length ω1. For our considerations it is important only that such a model
exists.
Theorem 3. If there exists a strong-Q-sequence G with |G| = ω1 then there exists an ideal
J ⊂P(ω) such that the quotient algebra P(ω)/J is isomorphic to P(ω1).
Proof. Let {Xα: α < ω1} be a strong-Q-sequence on P(ω). Recall that |Xα| = ω, |Xα ∩
Xβ | < ω for α = β and assume that ω = ⋃α<ω1 Xα . Let {Jα: α < ω1} be a family of
maximal ideals on P(ω) with the following properties:
• [ω]<ω ⊂ Jα for any α < ω1,
• Xα /∈ Jα for any α < ω1.
Then we have
• Xα ∈ Jβ for α = β .
Let J =⋂α<ω1 Jα . Observe that A ∈ J if and only if for any α, A ∩ Xα ∈ J or (what is
equivalent) if for any α,A ∩ Xα ∈ Jα . Moreover, we have:
Observation 1. [Xα] is an atom in P(ω)/J .
Proof. If A ⊂ Xα then either [A] = [Xα] or A ∈ J . 
Observation 2. The quotient algebra P(ω)/J is atomic.
Proof. Let us take A ⊂ ω. Then either there exists α < ω1 such that A ∩ Xα /∈ J and
consequently [Xα] ⊂ [A], or A ∩ Xα ∈ J for any α < ω1 in which case A ∈ J , and so
[A] = 0. 
Observation 3. The quotient algebra P(ω)/J is complete.
Proof. Let M ⊂ ω1. Define f : {Xα: α < ω1} →P(ω) by the formula
f (Xα) =
{
Xα for α ∈ M,
∅ for α /∈ M.
Then f ∈ {Xα: α < ω1}∗. Hence there exists a set B ⊂ ω such that |(B ∩ Xα) Xα| < ω
for α ∈ M , and |B ∩ Xα| < ω for α /∈ M. So we have [B] = sup{[Xα]: α ∈ M}. 
By Observations 1–3, the quotient algebra P(x)/J is isomorphic to P(ω1). 
Remark. It is easy to observe that if 2ω1 > 2ω then the quotient algebra P(ω)/J is not
isomorphic to P(ω1), for any ideal J on P(ω).
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inner MB-representable but not topological, and with complete Boolean algebraA/H(A),
is independent of ZFC.
Proof. This follows from Theorems 1–3 and remark. 
Corollary. The existence of a pair 〈A,I〉 which is complete and satisfies the hull property
but is not topological, is consistent with ZFC.
This is a partial solution of the problem posed in [1].
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